ABSTRACT
INTRODUCTION
In order to calculate the critical speed of a propeller shaft, it is necessary to know accurate values for the marine propeller added mass and added moment of inertia. In the case of a controllable pitch propeller, the values of the added mass and added moment of inertia are changed by varying the pitch angle, nondimensionalized by the mass and moment of inertia of the displaced fluid, respectively. It can be noted that the added moment of inertia is greatly influenced by the pitch angle. Calculating the added mass coefficient is difficult, especially for bodies of complex shapes. Generally, the added mass coefficient is a second order tensor that depends on the fluid acceleration vector through which the force vector on the body is obtained.
There are several publications discussing the added mass coefficients for marine propellers. Burrill and Robson (1962) conducted experiments to study the added mass of a series propeller [1] . Sahin et al. (1993) introduced the concept of added mass that generalized moving a desired object in different flow regimes [2] . Vernon et al. (1988) considered a surface panel method for calculation of added mass matrices, [3] , an approach which is relatively close to the present study. Added mass estimations for a multi-component deeply submerged vehicle were studied by Watt [4] . Bermudez et al [5] investigated fluid-solid vibrations using finite element solution to derive the added mass formulation. Perrault et al. (2003) presented sensitivity of a typical AUV response to changes of hydrodynamic parameters. That analysis was performed using an axisymmetric computer model. The sensitivity of the added mass coefficients of a typical autonomous underwater vehicle (AUV) was presented as a response to changes of geometric parameters [6] [7] . Koo and Lee (2003) developed a FAMD code to calculate the fluid added mass and damping of arbitrary structures submerged in confined viscous fluid [8] . Li et al. (2005) studied numerically the fluid flow and the added mass induced by vibration of a structure using the singularity distribution method in 0which axial and rotational motion of the structure was taken into account [9] . Wakaba & Balachandar considered numerical simulations of the flow around a rigid sphere subjected to sudden acceleration (or deceleration) in a relative velocity [10] . Jianjun Long et al. reported estimation of the added mass and drag coefficient for a small remotely operated vehicle [11] . Chan & Kang indicated that the drag and added mass coefficients are essential parameters in determining dynamic behavior of a submerged vessel [12] . The added mass coefficients of the Darpa Suboff submarine were calculated by means of the FMBEM [13] . Naveed Raza et al. determined the added mass by simulating the flow about a standard ellipsoid using a commercial CFD code [14] . Recently, a 3-D boundary element method was used by Gaschler and Abdel-Maksoud (2014) to compute the added mass coefficients for a marine propeller under cavitating condition [15] .
In the present study, the boundary element method has been extended to enable calculation of the added mass matrix of skewed marine propellers. Then, appropriate grids generated on the geometry of marine propeller (blade, hub and boss) are investigated in order to provide correct results of added mass matrix coefficients. Finally, the added mass coefficients of a skewed marine propeller are presented as polynomial functions of selected geometric parameters.
GOVERNING EQUATIONS
Hydrodynamic forces and moments are determined by fluid inertia and viscous properties, according to the motion of a body in real incompressible fluid. Definitely, the other forces and moments can be calculated by obtaining either inertia or viscous terms. Since the fluid can be assumed inviscid, the inertia forces and moments can be calculated using this estimation. With the aid of this method, the forces and moments of inertia can be introduced as body added mass terms.
Let us consider the closed area Ω, the boundary S, and the unit vector n normal to S (Fig. 1) . The boundary S is composed of the wetted surface S B of the body, the wake surface S W , and the external control surface S ∞ encircling the surface areas S B and S W .
Ω encounters the upstream flow of uniform velocity V I . The flow is assumed incompressible, inviscid and irrotational.
Fig. 1. Three-dimensional propeller
With the above assumptions, the flow field around the body can be identified using the perturbation velocity potential ϕ which satisfies the Laplace equation:
To solve the problem, the boundary conditions are considered as follows:
BOUNDARY CONDITIONS
Based on the kinematic boundary condition, the flow velocity normal to the body surface is equal to zero.
where n, is the unit vector normal to the outside of the boundary. Considering the unit potential kinematics of the boundary condition, the vector is changed as follows:
where, r is the vertical distance from the fixed origin point [16] .
At the boundary surface at infinity S ∞ , the perturbation velocity due to the body surface tends to zero.
WAKE BOUNDARY CONDITIONS
Based on these conditions, there is no flow velocity jump on the wake vortex, however there is a velocity jump of the potential on the surface which equals the circulation Γ around the fin. The mathematical relations between flow velocity and potential are expressed as follows:
where B and F represent the back and face side of the propeller, respectively [17] .
KUTTA CONDITION
Hess and Smith showed that the flow passing along a thin and non lifting body can be described by distribution of source singularities. But to describe the flow passing along a lifting body, modeled by circulation distribution on the surface, a boundary condition for the trailing edge of the body, expressing that the velocity at the trailing edge should be limited and unique, is to added [18] .
ADDED MASS FORMULATION
The added mass and added moment coefficients can be formulated using the force point of view and the kinetic energy theory. The added mass formulation is given by Eq (7). According to this equation, the added mass and added moment coefficients are only functions of body geometry. λ ik is called the added mass of the body. The added mass matrix flowchart of the propeller for which the solving process will be continued until the results are converged to an accurate point is shown in Figure 2. [19] where the subscripts p, q correspond to the control and variable points in the integration, respectively. In the above 
DISCRETIZATION OF EQUATIONS
In order to solve Eq. (8), the equations are discretized and the body boundary surface is meshed with tetragonal elements. Fractional equations lead to a linear system of algebraic equations for ϕ and i, as follows:
where D ij , S ij and W ijl are the dipole and source coefficients for the j-th element that acts on the arithmetic point i. These dipole and source coefficients are defined as follows:
To obtain these coefficients, numerical solution of the integrals is employed. For this purpose the following matrix equation is formed and then solved using the Gauss -Seidel method, leading to ϕ j values [20] . For lifting and non-lifting bodies, the use of the above computational method only differs by application, or not, of the Kutta boundary condition. The results are obtained directly regarding the kinematic boundary condition.
Although the Kutta condition is considered to analyze the propeller, the course of obtaining the results reveals no significant difference, as compared to cases without considering the Kutta condition. Therefore, regarding this remark, only D and S matrixes in equation 11 need to be determined. After extracting D and S, the integrals in Eq. (12) , being in fact the same as general terms in Eq. (8), take the form:
If the above integrals (Eq.13) are formulated based on matrix equations, the following relation is derived:
So that i = K and A ik = 2π
The added mass matrix values obtained by solving the matrix equations for all six potential unit functions can be defined as follows:
If the above equation is written in the matrix form, which is the general form of the added mass matrix, the following matrix is introduced [14] .
ADDED MASS OF B-SERIES PROPELLER
In this section the added mass coefficients for a standard propeller are studied. The dimensions of the B-Series propeller selected for this study are given in Table 1 .
Tab. 1. Main dimensions of the propeller
Since the added mass coefficients of the B-Series propeller are available [21] , this part of analysis aims at validating the results computed by the boundary element code. The mesh independency of the numerical results was investigated, showing very small error in comparison with the existing data. The added mass matrix obtained from the numerical analysis for the B-series propeller is shown in Table 2 .
Tab. 2. Matrix of Added Mass coefficients per density for B-series propeller (×10 4 )
In Fig. 3 , the grid independency is evaluated for coefficients M11 and M44. As it can be seen, at 6900 surface elements the coefficient variations tend to zero.
Afterwards, the data obtained from the present study were validated by comparing with the experimental data [21] , see Tab. 3. According to these results, for all three coefficients the maximum error percentage is of the order of 3.7%.
Comparing the results of the numerical boundary element based analysis with the experimental data [21] for added mass coefficients of B-series propeller reveals good conformity between the numerical and experimental data. 
COMPUTING THE ADDED MASS MATRIX FOR THE BENCHMARK PROPELLER
According to the data and results obtained for the added mass matrix of the B-series propeller it can be found that there is a good accuracy between the experimental data [21] and the numerical solution. This section discusses computing the added mass matrix for a high skew propeller (HSP-4 Blades). Since the added mass matrix is only a function of the body geometry, the object of the study was the effects of changing geometrical parameters of the propeller. Firstly, the existing geometrical data of the propeller, based on the standards, were used to model the propeller geometry with very high accuracy. Then, the propeller surface and the hub were analyzed with respect to flow conditions. The propeller analysis was performed for different numbers of surface elements to arrive at the most appropriate variant for which the obtained answers did not depend on the number of elements.
Grid generation on the marine propeller is one of most important topics in extracting the accurate added mass coefficient matrix using the boundary element method. Since the propeller has the same number of zones as the number of blades, the grid generated on each of these four sections is to be similar. It is noteworthy, however, that using a pave mesh on the propeller and especially on the hub may lead to incorrect results.
As it is shown in Figure 4 , the grid was generated on the blades, hub, and boss, taking into account the above mentioned remarks.
Thereafter, the added mass matrix was derived for three cases: only blades, blades and middle hub, and finally complete geometry of the propeller. The effect of each geometric element was evaluated based on the obtained data.
According to the numerical results, each increase of the added mass coefficient rate amounted to less than one percent, regarding the middle hub with blades. When the boss was taken into account, the added mass coefficient rate increased significantly, by about at least 5 to 6 percent.
Thus, the geometric design of the boss has an important role in propeller design. In particular for high diameter propellers, optimizing the boss geometry is essential.
Tab. 4. Added mass matrix for HSP-4 blade propeller in three conditions
Since the data compared to the main diameter are symmetrical and some coefficients have zero with accuracy of up to 5 decimal points, this testifies to high precision of the reported calculations (Tab. 4). The geometric and flow data of the high skew four-blade propeller are given in Tab. 5.
Tab. 5. Geometric and flow data of HSP-4 blade Propeller

PARAMETERS AFFECTING THE ADDED MASS OF THE SKEWED PROPELLER
Since the added mass coefficient is only a function of propeller geometry, its changes have been studied based on the sensitivity to geometrical parameters. Figure 4 -a shows the calculated variations of predominant added mass matrix coefficients as the propeller diameter increases. As can be seen, for most coefficients these variations have the form of the polynomial of the order of 3. Only the coefficients M 44 and M 11 form the polynomials of the order of 2 and 4, respectively. These changes are quite noticeable in the case of M 11 and the 2-order polynomial, while M 44 can also be considered as the approximation by the 3-order polynomial. Consequently, it can be concluded that changes of most general mass matrix coefficients have the form of the 3-order polynomial as the propeller diameter increases. Figure 4 -b shows changes of the added mass matrix coefficients in response to changes of the expanded area ratio of the propeller. According to the obtained results, it can be found that the changes of all moment and added mass coefficients are of the order of 2 as the expanded area ratio of the propeller increases. Figure 5 -c shows changes of the added mass coefficients as functions of the maximum thickness of the propeller profile section. For all diagonal coefficients this relation is linear, while for other coefficients it has the form on a 3-order polynomial. 
CONCLUSIONS
All coefficients cannot be derived using the reference formulation. However, they can be obtained with appropriate accuracy using the present study. As mentioned in the article, the added mass matrix of the B-series propeller was extracted and the results were validated with the available data.
The largest obtained error, compared to the experimental data, was about 3.7 percent, which is a very small amount, and for other coefficients the error rate was even fairy smaller.
Therefore, all the added mass and added moment coefficients can be calculated with good accuracy using the present study and taking into account the earlier mentioned remarks about propeller geometry generation.
Afterwards, the added mass matrix for a benchmark skewed propeller in various geometrical data was computed. According to the obtained results, changes of the added mass coefficients of the propeller caused by varying geometrical parameters such as diameter, expanded area ratio, and thickness, had the form of polynomial function of cubic, quadratic, and linear and quadratic order (3-2-1-2), respectively.
